
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=lssp20

Communications in Statistics - Simulation and
Computation

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/lssp20

Improved maximum likelihood estimation of the
parameters of the Gamma-Uniform distribution
with bias-corrections

A. F. B. Menezes, J. Mazucheli, R. P. de Oliveira & S. Chakraborty

To cite this article: A. F. B. Menezes, J. Mazucheli, R. P. de Oliveira & S. Chakraborty (2021):
Improved maximum likelihood estimation of the parameters of the Gamma-Uniform distribution
with bias-corrections, Communications in Statistics - Simulation and Computation, DOI:
10.1080/03610918.2021.1951760

To link to this article:  https://doi.org/10.1080/03610918.2021.1951760

Published online: 30 Aug 2021.

Submit your article to this journal 

View related articles 

View Crossmark data

https://www.tandfonline.com/action/journalInformation?journalCode=lssp20
https://www.tandfonline.com/loi/lssp20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/03610918.2021.1951760
https://doi.org/10.1080/03610918.2021.1951760
https://www.tandfonline.com/action/authorSubmission?journalCode=lssp20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=lssp20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/03610918.2021.1951760
https://www.tandfonline.com/doi/mlt/10.1080/03610918.2021.1951760
http://crossmark.crossref.org/dialog/?doi=10.1080/03610918.2021.1951760&domain=pdf&date_stamp=2021-08-30
http://crossmark.crossref.org/dialog/?doi=10.1080/03610918.2021.1951760&domain=pdf&date_stamp=2021-08-30


Improved maximum likelihood estimation of the parameters
of the Gamma-Uniform distribution with bias-corrections
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ABSTRACT
A two-parameter Gamma-Uniform distribution was recently introduced as
a prominent alternative in modeling bounded phenomena. Unfortunately,
however, its maximum likelihood estimators (MLEs) are found to be highly
biased in finite samples, a limitation that might effect this model’s applica-
tion in data modeling. In this article, we construct nearly unbiased estima-
tors for the unknown parameters of this distribution by deriving analytical
bias-corrected maximum likelihood estimators applying the Cox and Snell
methodology, the Firth’s method and also via the parametric Bootstrap
bias correction approach. Our extensive simulation clearly revealed that
the three bias reduction methods yield very good estimates which are
nearly unbiased and exhibit comparable efficiency. Finally, we consider a
real data set where the variable under enquiry is the proportion of
unemployed labor force reported across some 158 nations in 2018 to
show case the positive gain of incorporating the bias correction in the
model fitting.
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1. Introduction

Torabi and Hedesh (2012) introduced a new bounded distribution on the interval ða, bÞ
ZðHTML translation failedÞ which the probability density function (p.d.f.) is defined as

f ðx j a,bÞ ¼ ðb� aÞ
CðaÞ ba ðb� xÞ2 exp � x� a

b ðb� xÞ
� �

x� a
b� x

� �a�1

, a < x < b:

where a > 0 and b > 0 are shape parameters. The authors named this distribution as Gamma-
Uniform (GU), since it arises from the Gamma-Generated class of distributions.

Without loss of generality, we will consider that a¼ 0 and b¼ 1. In this case, we have the fol-
lowing p.d.f.

f ðx j a, bÞ ¼ 1

CðaÞ ba ð1� xÞ2 exp � x
b ð1� xÞ

� �
x

1� x

� �a�1

, 0 < x < 1: (1)

It should be noted that if Y follows a Gamma distribution with shape (a) and scale (b) param-
eters, then the random variable X ¼ Y=ð1þ YÞ has p.d.f. given by (1). The cumulative distribu-
tion function of X can be written as
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Fðx j a,bÞ ¼ 1� Q a,
x

b ð1� xÞ
� �

(2)

where Qða, zÞ ¼ 1
Cða, zÞCðaÞ is the regularized incomplete gamma function and Cða, zÞ ¼Ð1

z ta�1 e�t dt is the upper incomplete gamma function. In Figure 1 we observe the behavior of
the p.d.f. of the Gamma–Uniform distribution for selected values of a and b.

The choice of estimation methodology is important when estimating parameters from any
probability distribution. Among all the classical estimation methods, the most frequently used
one is the maximum likelihood estimation method (Pawitan 2001). Its success stems from its
many desirable properties including consistency, asymptotic efficiency, invariance property as
well as its intuitive appeal. However, it is well known that with finite samples the maximum like-
lihood estimator (MLE) do not possess any desirable sampling properties. In particular, the MLE
is often biased for smaller samples size. Therefore, it is important to derive closed-form expres-
sions for the first-order biases of estimators in order to evaluate the accuracy and also to define
estimators with smaller biases which can be used in practical applications for some classes of
models. In the statistical literature, several researchers have strived to develop nearly unbiased
estimators for the parameters of different distributions. Interested readers may refer to Cribari-
Neto and Vasconcellos (2002), Saha and Paul (2005), Lemonte, Cribari-Neto, and Vasconcellos
(2007), Giles (2012), Schwartz, Godwin, and Giles (2013), Giles, Feng, and Godwin (2013), Ling
and Giles (2014), Schwartz and Giles (2016), Wang and Wang (2017), Mazucheli, Menezes, and

Figure 1. Probability density function of the Gamma-Uniform distribution for selected values of a and b. (left upper panel: a ¼
0:5, right upper panel: a ¼ 1:0, left lower panel: a ¼ 2:0 and right lower panel: a ¼ 3:0; solid line: b ¼ 0:3, dashed line: b ¼
0:5, dotted line: b ¼ 1:5, dotdash line: b ¼ 2:0 and longdash line: b ¼ 3:0).
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Dey (2018), Mazucheli, Menezes, and Nadarajah (2017), Reath, Dong, and Wang (2018), and
Mazucheli and Dey (2018).

The chief goal of this article is to obtain modified MLEs for the parameters of GU distribution
that are nearly unbiased. To achieve this, we adopt approaches namely, the methodology intro-
duced by Cox and Snell (1968) which yields analytical expressions for the bias of order Oðn�1Þ
and the bias-corrected MLEs through parametric Bootstrap re-sampling method of Efron (1982).
We also considered the preventive method introduced by Firth (1993) which consists of trans-
forming the score function.

We assessed the comparative performance of the proposed estimators by Monte Carlo simula-
tions and a real data application. For the application, we have considered a very relevant data set
for model fitting which is about the proportion of unemployed labor force in the age group
15–24 across 158 countries. This is an important indicator to understand a country’s progress
report on achieving the sustainable economic growth. The data is available in the world bank
site. The variable here being a proportion suits us to check the GU model. Our findings are
encouraging with reduced standard error for the parameter estimators and substantial gain in the
p-value of the selection criteria.

The remainder of this article is organized as follows. In the next section, we briefly summarize
the maximum likelihood estimators of the two parameters of interest. Section 3 discusses three
different approaches to bias correction. Monte Carlo simulations are presented and examined in
Sec. 4. In Sec. 5, a real application is presented for illustrative purposes. Finally, Sec. 6 closes the
article with a few remarks.

2. Maximum Likelihood estimation

Let x ¼ ðx1, :::, xnÞ denote a random sample of size n from the GU distribution with p.d.f. defined
in (1). The log-likelihood function for h ¼ ða, bÞ, apart constant terms, can be written as

‘ðh j xÞ / �n a logb� n logCðaÞ � 1
b

Xn
i¼1

xi
1� xi

þ a
Xn
i¼1

log ðxiÞ �
Xn
i¼1

log ð1� xiÞ
" #

: (3)

From (3) we have the components of the score vector Uh ¼ ½Ua,Ub� is given by

Ua ¼
Xn
i¼1

log xi �
Xn
i¼1

log ð1� xiÞ � n log b� n wðaÞ (4)

Ub ¼ 1

b2
Xn
i¼1

xi
1� xi

� n a
b

(5)

where wð�Þ denotes the digamma function, defined as wðuÞ ¼ d
d u logCðuÞ:

Setting Ua ¼ 0 and Ub ¼ 0 and solving simultaneously for a and b we obtain the maximum
likelihood estimates â and b̂ of a and b, respectively.

The expected Fisher information matrix of h is given by

Iðh j xÞ ¼ n
w0ðaÞ 1

b
1
b

a

b2

2
664

3
775 (6)

and the corresponding inverse matrix is
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I�1ðh j xÞ ¼ 1
n

a

w0ðaÞ a� 1
� b

w0ðaÞ a� 1

� b

w0ðaÞ a� 1

w0ðaÞ b2

w0ðaÞ a� 1

2
6664

3
7775 (7)

where w0ð�Þ denotes the trigamma function, defined as w0ðuÞ ¼ d
duwðuÞ:

Existence and uniqueness of MLEs: The likelihood equations can be written from (4) and (5)
as

d‘
da

¼ �n logb� n wðaÞ �
Xn
i¼1

log
xi

1� xi

� �
¼ 0 (8)

and
d‘
db

¼ 1

b2
Xn
i¼1

xi
1� xi

� n a
b

¼ 0 (9)

Now writing xi
1�xi

¼ yi we can see that Eq. (9) yields b̂ ¼ �y
a : Substituting this in the Eq. (8)

gives us

� log�y þ log a� wðaÞ � log y ¼ 0:

For given y, � log�y � log y is defined and fixed. Note that log�y � log y, with the equality hold-
ing only when y1 ¼ y2 ¼ ::: ¼ yn: But Prðy1 ¼ y2 ¼ ::: ¼ ynÞ ¼ 0 thus we can take log�y > log y:
Now, f ðaÞ ¼ log a� wðaÞ is continuous with lima!1 f ðaÞ ¼ 0 and lima!0 f ðaÞ ¼ 1: Hence the
inverse of f ðaÞ is non zero since a > 0: Moreover d

da f ðaÞ < 0, thus there is a unique â such
that log â � wðâÞ ¼ log�y þ log y:

Hence the MLE exits and is unique.
Alternatively, one can show that the likelihood in Eq. (3) with b substituted by its estimate

b̂ ¼ �y
a given by

‘ða, b̂ j xÞ ¼ �n a log b̂ þ a
Xn
i¼1

log
xi

1� xi

� �
� 1

b̂

Xn
i¼1

xi
1� xi

� n logCðaÞ

¼ n a log a�y þ a
Xn
i¼1

log yi � na� n logCðaÞ

is strictly concave and hence will have unique maximum w.r.t. a:

3. Bias-corrected MLEs

While the MLE is a universally accepted method of parameter estimation having desirable large
sample properties, its finite sample behavior especially the unwanted bias often rises questions.
As such it is of interest for many practitioners to take recourse to the bias correction approaches
to compute nearly unbiased estimates. In what follows we discuss three approaches for bias-cor-
rection of the maximum likelihood estimators of the parameters that index the GU distribution.
At first, we shall consider the general formula introduced by Cox and Snell (1968). As noted by
the authors, when the sample data are independent, but not necessarily identically distributed, the
bias of the rth element of the MLE of h, ĥ, is calculated as

BðĥrÞ ¼
Xp
i¼1

Xp
j¼1

Xp
l¼1

Iri Ijl 0:5Iijl þ Iij, l½ � þ Oðn�2Þ, (10)
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where r ¼ 1, :::, p, Iij denotes the ði, jÞ th element of the inverse of the expected Fisher information

matrix, Iijl ¼ E
@3‘

@hi @hj @hl

h i
and Iij, l ¼ E

@2‘
@hi @hj

� �
@‘
@hl

� �� �
:

For the GU distribution, after some algebra, we obtain I111 ¼ �n w00ðaÞ, I122 ¼ I221 ¼ I212 ¼
n
b2
, I222 ¼ 4 n a

b3
, I22, 1 ¼ � 2 n

b2
, I22, 2 ¼ � 2 n a

b3
and all other terms are equal to zero, where w00ð�Þ

denotes the tetragamma function, defined as w00ðuÞ ¼ d
duw

0ðuÞ:
By replacing these terms in Eq. (10) we obtain the following expressions for the second order

biases of â and b̂

BðâÞ ¼ 0:5 w0ðaÞ a� 0:5 w00ðaÞ a2 � 1

n w0ðaÞ a� 1
� 	2 þOðn�2Þ (11)

and

Bðb̂Þ ¼ b a w0ðaÞ2 � 1:5 w0ðaÞ � 0:5 w00ðaÞ, a
� 	

n w0ðaÞ a� 1
� 	2 þOðn�2Þ: (12)

Thus, from (11) and (12) we may define the bias-corrected estimators (BCE) of â and b̂,
âBCE ¼ â � B̂ðâÞ and b̂BCE ¼ b̂ � B̂ðb̂Þ, respectively. It is expected that both âBCE and b̂BCE will
exhibit better properties than the uncorrected estimators â and b̂:

Additionally, as an alternative approach to the analytically bias corrected estimator, we may
envisage the parametric Bootstrap methodology for bias reduction (PBE), which was introduced
by Efron (1982). Here, for an arbitrary parameter h, the estimated bias of ĥ is given by

B̂ðĥÞ ¼ 1
B

XB
j¼1

ĥðjÞ � ĥ (13)

where ĥðjÞ is the MLE of h obtained from the jth Bootstrap sample, generated from (1) and using
the maximum likelihood estimate ĥ as the true value. Hence, the Bootstrap bias-corrected estima-
tor is defined as

ĥPBE ¼ 2ĥ � 1
B

XB
j¼1

ĥðjÞ: (14)

For readers interested in more details about bias-corrected maximum likelihood estimators we
recommend Cordeiro and Cribari-Neto (2014). Moreover, the mle.tools library (Mazucheli,
Menezes, and Nadarajah 2017) in R software provide an efficient way to get bias corrected esti-
mates by the methodology proposed by Cox and Snell (1968) for any probability dens-
ity function.

An alternative approach to obtain bias-corrected estimators proposed by Firth (1993) consists
of transforming the score vector UðhÞ ¼ @‘

@h before obtaining the maximum likelihood estimators.
This method is known as the preventive method. The modified score vector is defined by

U�ðhÞ ¼ UðhÞ � IðhÞ BðĥÞ (15)

where IðhÞ is the expected information matrix and BðĥÞ is the second-order bias vector with the
components defined in (11) and (12).

It is important to point out that when the second-order derivatives of the log-likelihood with
respect to the parameters do not depend on the sample values, the bias-corrected estimators can
be obtained by maximizing the modified log-likelihood ‘� ¼ ‘þ 0:5 log jIðhÞj:
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4. Simulation study

In this section, we conducted a simulation study to evaluate the finite-sample behavior of the
MLEs of a and b and their bias-corrected counterparts obtained by Cox-Snell methodology
(BCE), Firth’s Bias Correction (FBC) method and parametric Bootstrap approach (PBE). We have
drawn random samples of size n ¼ 10, 20, 30, 40, and 50 and the values of the parameters were
fixed at a ¼ 0:5, 1:0, 2:0, and 3.0 and b ¼ 0:3, 0:5, 1:5, 2:0, and 3.0. The pseudo-random samples
from Gamma-Uniform distribution were simulated using the transformation X ¼ Y=ð1þ YÞ,
where Y � Gammaða, bÞ: The number of Monte Carlo replications in each experiment was set at
M ¼ 10, 000 and the number of Bootstrap replications was B ¼ 1, 000: All simulation were con-
ducted in Ox Console (Doornik 2007) using the MaxBFGS function to obtain the maximum like-
lihood estimates of a and b. Tables 1–4 report the results of the simulations, that is, the
estimated biases and root mean-squared errors for the investigated estimators.

From Table 2, we can see that the MLEs of b are highly biased, while for a, bias is moderate,
especially when the sample size is small. For instance, when n¼ 10, a ¼ 1:0, the biases of the
MLEs of a and b are approximately 0.3430 and �0.0258. On the other hand, in the same scen-
ario, the biases of âBCE, âPBE, âFBC, b̂BCE, b̂PBE, and b̂FBC are approximately �0.0049, �0.1483,
�0.1110, �0.0009, �0.0006, and 0.0330, respectively. We also observe similar results in Tables 1,
3, and 4. Hence, it is apparent from the simulations results that the estimators
âBCE, b̂BCE, âPBE, b̂BCE and âFBC, b̂FBC clearly outperform the corresponding MLEs. Indeed, the pro-
posed estimators achieve substantial bias reduction, particularly for the small and moderate sam-
ple sizes and therefore may be considered as better alternatives of the MLEs for a and b.

In fact, a check reveals that the relative bias of MLEs are substantially higher compared to
BCE for all sample sizes not just for n¼ 10. For example, with n¼ 30, from Tables 1 and 4 we
can observe the following.

� when a ¼ 0:5, b ¼ 0:3, the relative bias for MLE(a) is 8%, BCE(a) is 0% and MLE(b) is 2.3%,
BCE(b) is 0%.

� when a ¼ 0:5, b ¼ 3:0, the relative bias for MLE(a) is 7.8%, BCE(a) is 0% and MLE(b) is
2.8%, BCE(b) is 0.23%.

� when a ¼ 3:0,b ¼ 0:3, the relative bias for MLE(a) is 10%, BCE(a) is 0% and MLE(b) is 3%,
BCE(b) is 0%.

� when a ¼ 3:0,b ¼ 3:0, the relative bias for MLE(a) is 10%, BCE(a) is 0.3% and MLE(b) is
3%, BCE(b) is 0.3%.

Table 5. MLEs and bias-corrected MLEs (Bootstrap standard-error).

Estimators a b

MLE 1.3086 (0.1364) 0.2278 (0.0282)
BCE 1.2874 (0.1349) 0.2292 (0.0280)
PBE 1.2875 (0.1342) 0.2291 (0.0279)
FBC 1.2873 (0.1311) 0.2292 (0.0277)

Table 6. Statistics (Bootstrap p-values) associated with goodness-of-fit measures.

Estimators KS CvM AD

MLE 0.0807 (0.2553) 0.2305 (0.2155) 1.1976 (0.2684)
BCE 0.0742 (0.3485) 0.2061 (0.2560) 1.1345 (0.2937)
PBE 0.0751 (0.3348) 0.2100 (0.2490) 1.1447 (0.2895)
FBC 0.0743 (0.3470) 0.2066 (0.2552) 1.1357 (0.2932)
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Additionally, the root-mean squared errors of the corrected estimates are smaller than those of
the uncorrected estimates. As expected, we may note that the root mean-squared errors decrease
as the sample size increase.

5. Empirical example

In this section, we illustrate the practical impact of using the bias corrected estimators of the
parameters associated to the Gamma-Uniform distribution. The GU distribution is considered as
an attempt to adequately model the proportion of the total labor force ages 15–24 unemployed
for 158 countries in 2018. The data set is available at http://www.indexmundi.com. Since the data
was measured in the unit interval, the Gamma-Uniform distribution proposed here seems be a
good alternative to model this data set. The mean and variance are, respectively, �x ¼ 0:201 total
labor force and s2 ¼ 0:018 total labor force2, which evidences under-dispersion.

In Table 5, we report the MLEs of a and b: The corresponding bias corrections estimates,
namely, the BCE, PBE, and FBC are also reported, with Bootstrapped standard errors based on
20,000 bootstrap samples (Efron and Tibshirani 1993). We can see that the bias-corrected esti-
mates have smaller standard errors for both parameters, which means that the BCE, PBE, and
FBC provide more accurate estimates.

In order to test whether the Gamma-Uniform distribution is adequate to describe the data, we
evaluated the goodness-of-fit based on Kolmogorov-Smirnov statistic (KS), Anderson-Darling

Figure 2. PP-Plots for the MLE, BCE, PBE, and FBC estimators.
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statistic (AD), and Cram�er–von Mises statistics (CvM). Here the p-values are obtained using the
Bootstrap samples, since the parameters were estimated (see, e.g. Durbin 1987). The results are
presented in Table 6.

From Table 6 it can be seen that the values of all the goodness of fit criteria are almost smaller
when bias corrected estimates were used compared to when actual maximum likelihood estimate
was used. Corresponding higher p-values of these statistics give indication of the attainment of
higher observed level of significance with bias corrections. These conclusions further supported
by the PP-Plots presented in Figure 2.

6. Conclusion

The Gamma-Uniform distribution has been recently introduced by Torabi and Hedesh (2012),
however, it did not receive much attention in the statistical literature. In this article, we have
derived explicit expressions for the second-order biases of the MLEs of the parameters associated
to the GU distribution and also preventive bias correction of Firth (1993). In addition, we have
also considered the an alternative bias-correction using the parametric Bootstrap. Our simulation
results support the use of analytical bias-correction for the MLEs, once bias, efficiency and com-
putational cost are taken into account. An empirical application shows that the bias-corrected
estimates (BCE, PBE, and FBC) are preferred, in terms of accuracy and goodness-of-fit, over the
uncorrected estimates.
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